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The propagat ion  of smal l  pe r tu rba t ions  of magnet ic  field, p r e s s u r e ,  density,  and entropy in 
an ideal conducting medium located in a constant  and uni form magnet ic  field H 0 is inves t iga-  
ted, taking account of the effect  of g rav i ty .  It is shown that there  exis t  convect ive magne to -  
entropic  waves  differ ing both f rom in ternal  and f r o m  magnetohydrodynamic  waves .  The 
c h a r a c t e r i s t i c s  and conditions of propagat ion  of these  waves in an ideal fluid a re  inves t i -  
gated.  

In magne tohydrodynamics  [1] there  exis ts  the concept of the " f reez ing  in" of magnet ic  lines of fo rce .  
It  s ignif ies  p a r a l l e l i s m  of the changes of the vec to r  of the magnet ic  field s t rength  and an e lement  of length 
of the "fluid l ine . "  

As seen  f rom the h e a t - t r a n s f e r  equation, which in the case  of an ideal fluid reduces  to the equation 
of the conserva t ion  of ent ropy 

OS @ v . v  S = 0 ,  (1) 
3t 

the i sen t rop ic  l ines a re  a lso  " f rozen  in ."  "Freez ing  in" of entropy signif ies the dependenece of the change 
of ent ropy with t ime on the veloci ty  of the fluid, i .e. ,  it is unders tood in the same  sense  as " f reez ing  in" 
of magnet ic  l ines of fo rce .  Owing to " f reez ing  in" of the magnet ic  l ines of force  and the i sent ropic  l ines,  
induced osc i l l a to ry  motion in a medium should propaga te  as waves of the magnet ic  field, p r e s s u r e ,  velocity,  
densi ty,  and entropy.  

This  s ta tement  of the p rob l em  is descr ibed  by a s y s t e m  of magnetohydrodynamic  equations under 
the following conditions.  

In a constant  and uni form homogeneous field H 0 there is a conducting fluid having viscosi ty ,  e lec t r i ca l  
r e s i s t ance ,  and the rma l  conductivity so smal l  that the effect  of energy diss ipat ion assoc ia ted  with  these 
values  on the propagat ion  of pe r tu rba t ions  may be neglected.  In an equi l ibr ium s ta te  there  exis ts  a constant  
en t ropy gradient  d i rec ted  along the gravi ta t ional  field in which the conducting fluid is located.  The g r av i -  
tat ional field is uni form and constant  in t ime.  

The solution of the p rob l em  stated he re  is  de te rmined  by the following s y s t e m  of equations: 

div H = 0, (2) 

- rot[ v~], (3) 
OF 

0,o + div (9v) = 0, (4) 
Ot 

Ov -~ -* 1 -~ ~ 
9 ~ -  + p ( v v ) v  = --VP +- - ro tH4~ x H + 9 g ,  (5) 

OS 
+ vS- v=0 .  (6) 

Ot 
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In addition to these equations, the solution of the problem requires  considerat ion of the equa- 
tion of state of matter ,  relating 0, P, and S. In a general  form it can be written: 

f(p, p, s )=  o. (7) 

In a per turbed state the quantities character iz ing the medium and magnetic field have the following 
form: 

~ /= t / 0@ ~, P = p o + P ' ,  P=Po+P', S = S o + S ' ,  

where the subscript  "0" denotes constant equilibrium values of the quantities and the pr ime their per tu rba-  
tion. 

We will seek waves traveling along the x axis in the presence  of an entropy gradient and gravi ta-  
tional field directed along the y axis. In a gravitational field at a given entropy gradient, P0 should, gener -  
ally speaking, depend on y; to allow P0 to be considered constant, we will consider  a fluid layer  of small  
thickness.  We will also consider that in an equlibrium state the fluid is at rest ,  i.e., v 0 = 0, and the p e r -  
turbations of h, p' ,  p,, S v, and ~-~are of the same order  of smal lness .  

The following relationship is obtained f rom the solution of sys tem (2)-(6) in the zeroth approximation: 

- -  V P o  = Pog" ( 8 )  

Since we will seek the solution of sys tem (2)-(7) in a l inear approximation, we will take as the equation of 
state the expression 

p = ap + ~S, (9) 

where a is the square of the sound velocity, and fi is the coefficient of entropic compressibi l i ty ;  p in the 
equation of state is understood as the sum of the hydrostat ic  and induced magnetic p r e s s u r e s .  

The i inearized sys tem of Eqs. (2)-(7) for perturbat ions with considerat ion of the comments  made 
above concerning the p res su re  has the form 

div h = 0, 

a~ =(HoV)~-- Ho (v~), 
Ot 

. . +  

a p +PoVV=0,  
at 

av , 4@ 
p 0 - ~  = - ~vp - ~vS' + (HoV) h + p'~, 

as-L + vSo. J =  o. 
Ot 

The solution of sys t em (10)-(14) is sought in the form of plane waves with complex amplitudes 

-h = h exp i =h exp i ( i r  - -  cot), 
a 

v = exp i% exp i (k r - -  cot), 
a 

._ ) . -+  

S' : S' exp i % exp i (k r - -  cot), 
a 

- - > - +  

9' = P' exp i % exp i (k r - -  cot). 
a 

Substitution of (15) into (10)-(14) give s the following sys tem of linear algebraic equations: 

--  Uh~ = Holy ~, Uv~ = (HoJ4npo).hz, 

Uhy : Ho~r + Hovv~, 

Uv~ = (a/U) v~--([~y/Ukpo) iv., 

Uv v : - -  (Ho~/4~P0) h v + (gi/Uk) v~, 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 
(18) 
(19) 
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where h z = hzexp ic~h, etc., 

p' = (oo/U) v~, 

S '  = - -  (i7/o~) % ,  

h~_k ,  h~=0,  

and U = c0/k is the phase velocity.  

(20) 

(21) 

(22) 

Obviously the sys tem breaks down into two 

subsystems which describe different groups of waves: in one only the components h z and v z oscillate and in 

the other, Vx, Vy, h., p', and S'. As was initially suggested, entropic waves exist. From the compati- y 
bility condition (16) we obtain the phase velocity for the first group of waves 

U =  • Hox/ I ~ 4npo , 

i .e.,  the oscil lat ions of h z and v z are  Alfven [2]. 

The zero  equality of the determinant  of the second subsystem gives the following dispers ion equation: 

(U 2 - -  a) (U 2 - -  H~x/4~90 ) = (~7g/90o) 2) V 2 H~176 o)p2 ~ ~TiU. (23) 

Equation (23) r ep resen t s  a quartic equation in U, becoming quartic when H0y = 0. The contribution of the 
t e rm with Hoy exists only in the presence  of an entropy gradient .  We see f rom Eq. (23) that the propagation 
of the second group of waves is charac te r ized  by the presence  of dispersion.  

Dispers ion  equation (23) is obtained on the assumption that in the equation of state the p r e s s u r e  r e -  
presents  the sum of the hydrostat ic  and magnetic p re s su res ,  i.e., 

P = Phydr+ H2/8n" 

If in the equation of state we understand by p re s su re  only the hydrostat ic  p res su re ,  as is usually done, 
the dispers ion equation for the second group of waves has now a different form:  

(U 2 - -  a) (U ~ - -  H~oxl4npo) = (H~j4n9o + ~TglP0(o ~) U 2 + (~7/p0(o - -  g14~90r Ho~H~viU. (24) 

We see f rom Eqs.  (23) and (24) that in the case 

1) p = Phydr + H2/8~, (25) 

the dispers ion is due only to the entropy gradient  and the gravitat ionai  field has no effect on the existence 
of dispersion;  

2) p = P hydr 

d ispers ion  is observed and in the absence of the entropy gradient, it can be due only to the gravitat ional  
field. 

If the field H 0 is directed along the x axis, both eases  coincide, and then, the dispers ion equation has 
the following form:  

(U 2 - - a )  (U 2 --H2x14n9o)= (~'~,glpoo)~) U 2. (26) 

In this case d ispers ion is observed only with the simultaneous existence of both the gravitat ional  field and 
entropy gradient.  

There  f igures in Eqs.  (23) and (24) a term with an imaginary unit. This signifies that there exists either 
an attenuation or  an increment  of waves, which in both cases  disappear  if we consider  waves propagating 
along the magnetic field. If we consider  waves propagating in the xy plane, then in the f i rs t  case attenua- 
tion (or increment)  d isappears  when there is no entropy gradient and in the second case when both the en- 
t ropy gradient  and gravitat ional  field are  absent. 

It is especial ly important  to take into account the t e rm H2/87r in strong magnetic fields, and there-  
fore we will henceforth consider  that the p re s su re  is determined according to Eq. (25). 

Equation (23), when H0y = 0, has the following soiution: 

{ @  , / 1 (a 2 ~/2 
U = (a -~- [37glPoo~2 ? HSx14~9o) +_ .V  - 4 -  ? [~TglPo ~ +Hg~14~po)2--a(Ho~14n9o)l . (27) 
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The re la t ionships  between the ampli tudes  of thedi f fe ren t  components  a re  obtained f rom s y s t e m  (17)-(22): 

' hz, (28) V4 p0 
U 

v,j = - -  - -  h~, (29) 
H 

v~ = Ho~P0o(1 a/U2 ) h v, (30) 

,o' = (oo/U) v~, (31) 

S ' =  yi 
Vy' (32) 

o) 

As we see  f rom this sys tem,  the exis tence of an entropy gradient  gives r i s e  to a p h a s e  shift  between c o m -  
ponents  v x and Vy, S' and Vy, v x and hy by v / 2 .  

The phase  veloci t ies  (27) c h a r a c t e r i z e  the propagat ion  of the two wave groups  in which the compo-  
nents Vx, Vy, hy, p ' ,  and S' osc i l la te .  

These  phase  veloci t ies  have the following fo rm in units of Alfven velocity:  

UI = Ui/VA = 1, 
1 (33) 

U~.3 = ~ {(;2 q_ ~q2 + 1) • V (;2 ~ I12 ~_ 1)~ _ 4;2}'/2, 

where  the p a r a m e t e r s  ~ = Vs /VA,  77 = V E / V  A a re  introduced.  

Weak and s t rong magnet ic  and gravi ta t ional  f ields have two l imit ing eases  cha rac t e r i zed  by c o r r e s -  
ponding values of the p a r a m e t e r s  introduced above. 

1. Strong magnet ie  and weak gravi ta t ional  f ields co r respond  to ~ ~ 0 and ~7 << 1. In this case  (U~) 2 
= 1, (u~) 2 = o, i .e. ,  the phase  veloci ty  is equal to the Alfven veloci ty (U2) 2 = V~. This  l imit ing case  r e -  
p r e s e n t s  ord inary  magnetohydrodynamic  waves .  

2. Weak magnet ic  and s t rong gravi ta t ional  f ields co r respond  to 72 >> 1. In addition, we will consider  
~z << 1. In this case  (U~) z = 0, (U~) 2 =~72, i .e . ,  the phase  veloci ty  of the third group of waves is equal to the 
B r u n t - V a i s a l a  velocity,  and the phase  veloci ty  of the second wave group is equal to zero:  

U~ = ~?g/po0) ~. (34) 

It  is obvious that this l imit ing case  gives waves which exis t  only when there  is an entropy gradient  in the 
gravi ta t ional  field. They a re  cha rac t e r i zed  by d ispers ion .  The group veloci ty  of these waves has the fol-  
lowing form:  

1 

~grllX, since-kllx. Components of the following fo rm propagate  with this velocity:  

1 
= - Uo vz  G ,  (36) 

VE~~ hu, (37) 
vx Ho~g 

9" P~162176 Vzh,, (38) 
Hoxg 

S' ?i V E by. (39) 
(DHox 

Thus, per tu rba t ions  of the quantit ies Vx, v . ,  hy, v z, hz, p' ,  p ' ,  and S' propagate  as plane waves in 
Y 

s t rong gravi ta t ional  f ields in the p r e s ence  of an entropy gradient .  

The exis tence of plane undamped waves depends on the d i rec t ion of the entropy gradient  and di rec t ion 
of the gravi ta t ional  field. 
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I. If fiyg > 0, waves can propagate with velocity (34) for any relations between ~ and ~?. 

2. If fiTg < 0, the following relation must be fulfilled for the existence of waves: 

0)2 
(2 - 1)~ > ~2, i.e., ~vg < ~-n (V4~p0~-  H0~) ~ (40) 

Thus ,  if the e n t r o p y  g r a d i e n t  and g r a v i t a t i o n a l  f i e ld  a r e  d i r e c t e d  in  the  s a m e  d i r e c t i o n ,  p l a n e  un-  
d a m p e d  w a v e s  Vx, Vy, h , o ' ,  P ' ,  and S' p r o p a g a t e  fo r  any r e l a t i o n s  b e t w e e n  fiYg and H 0. If VS 0 and g a r e  

Y 
d i r e c t e d  in  o p p o s i t e  d i r e c t i o n s ,  such  w a v e s  e x i s t  only  u n d e r  cond i t i on  (40). 

We need  po in t  out tha t  the s e c o n d  l i m i t i n g  c a s e  e x i s t s  only  p r o v i d e d  fiYg > O. 

The  r e s u l t s  p r e s e n t e d  above  w e r e  ob ta ined  on the a s s u m p t i o n  that  the equa t ion  of  s t a t e  i s  u sed  in  the 
form p = ap + fiS or p = I/a p-fl/c~S. If we take into account only entropic compressibility, i.e., we set 
1/0~ = 0 in the last equation of state, and we consider ~/c~ =-fii to be a finite number, Equation (23) will 
change to the following equation: 

(V~1 + 1) U ~ + H~176 V~ ~U + V~ = 0. (41) 
P0g 

I t  f o l l o w s  f r o m  th i s  equa t ion  tha t  even  in  the i d e a l  c a s e :  i f  in  the  equa t ion  of s t a t e  we m e a n  by  p r e s s u r e  the  
s u m  of the h y d r o s t a t i c  and induced  m a g n e t i c  p r e s s u r e s ,  the  e x i s t i n g  w a v e s  a t t e n u a t e  when the f i e ld  H 0 i s  
not  a long  the x ax i s  but  in  the xy  p l a n e .  

The  wave  v e c t o r  in the  p r e s e n c e  of a t t e n u a t i o n  i s  c o m p l e x :  k = k 1 + ik2, w h e r e  k 2 c h a r a c t e r i z e s  both 
a t t e n u a t i o n  (k 2 > 0) and i n c r e a s e  (k 2 < 0). F r o m  (41), c o n s i d e r i n g  that  U = co/k,  and k = k 1 + ik2, we ob ta in  
the  fo l lowing  v a l u e s  fo r  k 2 and k l :  

k 2 = 2nH0v~17 , (42) 
Hox9o 

f r o m  which  we s e e  that  a d e c r e a s e  o r  i n c r e a s e  of a m p l i t u d e s  de pe nds  on the d i r e c t i o n  of the e n t r o p y  g r a d -  
i en t .  With VS 0 p a r a l l e l  to the  y ax i s  the  w a v e s  a t t enua t e  and when VS 0 i s  a n t i p a r a l l e l  to the  y ax i s  they  in -  
c r e a s e  and 

-- V 2 ~( Hoy~l 7 }2 
k1 = + (2 V' ~/Ho~) 0)po - -  ~ , 7 g - -  t - - ~ 0 - -  s (43) 

The  w a v e s  wi l l  be w e a k l y  d a m p e d  when k 2 / k  1 << 1, i . e . ,  when Hoy ~ 0. Such d a m p e d  ( i n c r e a s i n g )  waves  
can  e x i s t  only  when 

Ho~< 0)2p~ - -  ~Tg 92. (44) 
(~v)~ 

In v iew of the f ac t  that  Hgy > 0, the d e n o m i n a t o r  of the  f r a c t i o n  on the r i g h t  i s  a l w a y s  g r e a t e r  than z e r o ;  
th i s  cond i t i on  r e d u c e s  to the cond i t i on  cjp0 > fi(yg. Consequen t ly ,  if  the m a g n e t i c  f i e ld  H 0 i s  not  d i r e c t e d  
a long  the d i r e c t i o n  of wave  p r o p a g a t i o n ,  the w a v e s  a t t enua t e  and they a r e  p o s s i b l e  on ly  when filTg < cJP0- 

If we s e e k  w a v e s  t r a v e l i n g  a long the f ie ld ,  the  d i s p e r s i o n  equa t ion  fo r  t h e m  wi l l  have  the  f o r m  

(VE~ § 1) U~--V~ = O, (45) 

whence  

U2 2 2 = VA/(V~ q-- 1). (46) 

The  e x i s t e n c e  of th i s  v e l o c i t y  m e a n s  tha t  due to e n t r o p i c  c o m p r e s s i b i l i t y  a lone  in  a cons t an t ,  u n i f o r m  m a g -  
ne t i c  f ie ld ,  the d i r e c t i o n  of which  c o i n c i d e s  wi th  the d i r e c t i o n  of wave p r o p a g a t i o n ,  t h e r e  ex i s t ,  in  the 
p r e s e n c e  of an e n t r o p y  g r a d i e n t  of the  g r a v i t a t i o n a l  f i e ld ,  u n d a m p e d  c o n v e c t i v e  m a g n e t o e n t r o p i c  waves  
p r o p a g a t i n g  with a v e l o c i t y  g iven  by (45). 

H 

V 

g 

T 

NOTATION 

is the vector of magnetic field strength; 
is the vector of fluid velocity; 
is the gravitational acceleration; 
is the entropy gradient in fluid; 
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S 

P 
P 

E 

U 
Vgr 

VS 
VA 
VE 

1. 

2. 

is the entropy of fluid; 
is the density of fluid; 
is the p r e s s u r e  of fluid; 
is the entropic compress ib i l i t y  of fluid; 
is the wave vec to r ;  
is the wave frequency;  
is the phase  veloci ty  of wave; 
is the group veloci ty  of wave; 
is the square  of the sound velocity;  
is  the sound veloci ty;  
is  the propagat ion  veloci ty of Alfven waves;  
is the B r u n t - V a i s a l a  veloci ty .  
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